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AXISYMME TRIC LAMINAR AND TURBULENT

JETS OF HYDROGEN WITH SIMPLE CHEMISTRY

By Harold Rosenbaum

SUMMARY

23088

The problem of a uniform axisymmetric jet of pure hydrogen issuing into
a parallel free stream of air is discussed. There are considered both laminar
and turbulent flows under the assumption that all Prandtl and Lewis numbers are
equal to unity, and that the limiting chemical behaviors of frozen and equilibrium
flow prevail; the flame sheet approximation is applied to the equilibrium model,

Calculations are performed along a point on a typical trajectory for missile

launch. ’ ﬁd Tho®



I. INTRODUCTION

During the launch of multistage vehicles it is sometimes necessary to discharge
overboard hydrogen, or other fuels, from the upper stages. Since combustion of
these gases with the surrounding airstream may occur in the neighborhood of the
vehicle, localized convective heating and alterations of the forces and momenta
on the vehicle may result, A series of studies of the phenormena involved in the
ejection, mixing and combustion of gaseous fuels is being carried out.

The problem considered here is that of a uniform axisymmetric jet of pure
hydrogen issuing into a uniform parallel free stream. Both turbulent and laminar
flow models with unity Prandtl and Lewis numbers are treated. The flow field is
shown schematically in Fig, 1.

The analysis presented here represents an extension of work performed by
Libby (Ref. 1) and Kleinstein (Ref. 2), In Ref. 2 a laminar axisymmetric jet
of pure hydrogen issuing into and reacting with a moving air stream was analyzed.
In both analyses a linearization of a modified Oseen nature was employed together
was a standard von Mises transformation. The equation for the velocity field in
the transformed plan was then reduced to a heat flow equation whose solution is
known. The chemical behavior of the jet flow and the dominating viscous phenomena
either laminar or turbulent, then determine the inverse transformation to the
physical plane.

In this study the laminar reacting jet is considered by coupling the chemical model
used in Ref. 1 with the fluid mechanical model discussed above. The turbulent
reacting jet is analyzed much as in Ref. 1, but with the form of the eddy viscosity

given in Ref, 1 modified according to the model of the eddy viscosity suggested in
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Reference 3; this model is presently believed to be more correct than that employed
in Reference 1,

Two limiting chemical behéviors are studied: frozen and equilibrium flow.
The equilibrium composition is approximated by a 'flame sheet model' after
Reference 1. Assumption of unity Prandtl and Lewis numbers allows an application
of Crocco integrals to the solution of the energy and mass fraction conservation

equations,



II. ANALYSIS

The equations of motion describing laminar and turbulent jets are taken
to be identical in form, with mean turbulent quantities replacing their laminar
counterparts. Assuming all laminar and turbulent Prandtl numbers and Lewis
numbers equal to unity the governing equations are:

Conservation of Momentum:

+

Ba 9 1 9 [ 9
pu.._._+pV—-:,— T o — t Kr u (1)
BX Br r 31. L ar
Conservation of Energy:
~ OH oH 1 9 OH
Pu B +PVe. =Tt bg Kr 3 (2)
Global Conservation of Mass:
0 1 0 .
5 (pul+y 3.~ (pve) =0 (3)
Conservation of Species:
9Y; 9Y i . 1 0 K 9Y; 1 (4
u + pv = wW; + — r —
Pa 5t PV o5 it T 5 5 )
where for laminar flow:
K= g = laminar coefficient of viscosity {(5)

and for turbulent flow

K= e¢p; e = eddy viscosity coefficient (6)



The initial and boundary conditions are:

x= 0 ;0 r <a

u = uj ;v = 0 H = HJ : YI—Y3—Y4_0,Y2=1

x= 0 r>a

u = ug v=20 H= Hg ; Y,= Y, = 0§Y1:Y1e ;Y4=Y4e
x =20

£im ; H= Hg; u = ug; v = 0; Yo= Y3=0; Y=Y, Y4=Y4e

with regularity condition applied along the jet centerline, r = 0.
Introduce a stream function:
pur = p u b, (7)
- pvr= pou L,

and apply the von Mises transformation, i.e. transform from x,r -x, V¥ ;then

W
2 '
r2 = [ fPele g 'yg ¢ (8)
Pu
o
and equation (1) becomes without approximation

8y 1 3 Ker2u ¥ 8y
by 4 ¥ Y  |pzu ¥t ¥ (9)

- )

Laminar Flow

Following the modified Oseen approximation of Kleinstein (Ref. 2) for
laminar flow, assume

Kpur? _up riu

2., 232 2 2.2
Pe Ue ¥ peluey

f(x) (10)



Employing this assumption and introducing the additional transformation,

T
§= ‘Jo -\I_;(_]—X)— dxy (11)

Equation ( 9) becomes

%

20 LY 22U
5E SR 5 J (12)
where:
. 1/2 u
Y. = a _93_\13_7 . and U =
J . P.u S ’ Ue
e e
In the present report the approximation function f(x) in Equation (11) is along
the jet center line, then
f(x) ~ Hc
Pele
and the inverse of equation (11) becomes, (1)
Xy r 3 PeVe
— = | d
1
‘IIJ Jo  Hc 3 (13)

Turbulent Flow

For turbulent flow Libby (Ref, 1) has shown:

Kpr?u . epirfu
Pe? u 2 b2 U PP

and has approximated F(x) by,

o= F(x)

F(x) = Po ¢

u
pe €

(1) In Ref. (2) Hc is taken to be a constant equal to u;. At the suggestion of
G. Kleinstein it was decided here to take pc as a function of x to be evaluated
along the jet center line,



where p; = some reference density

incompressible eddy viscosity

my
Il

n(rl/z )inc‘:' Ve [l'Uc]

and (r}/ ) inc is the jet half radius in the incompressible plane,

It has been shown, however, by Ferri et al (Ref. 3) that a more accurate

representation of F(x) might be:

szrzu &nrllz 4
= = ' - 1
F(x) Uzl poug [ pele - Pelc | (14)

where now r 1/3 , the half radius in the compressible plane is defined by,
(pu)_ ==
pu rl/2-2[Peue+ Pclc (15)

Employing the approximation (14) and the additional transformation:

Wy
]

oU
v = (16)
C v -

as (17)
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The equations describing the velocity field, equations (12) and (16), for
laminar and turbulent flow respectively, are identical in form and independent
of the density and viscosity, The initial and boundary conditions for both cases

corresponding to the flow field shown in Fig. 1 are as follows:
0,%) = U, = u; , _
U ( ) U uJ/ue ,Os\I»J<\];f

£im U(¢&,%) =1
Vow f

with the regularity conditions applied along the jet center line, ¥ =0, The
solution of either equation, 12 or 16, subject to the above condition is well
known in the theory of heat conduction (cf Ref. 1 and 2); it is:

2] . 1
- ¢ L 43 St 2 -1

_ 1-U __\1_/.1_ ¥ j v VN, VL ZJ ' '
P_I-U~_2§e J_.o © ~§./‘i‘/‘] IO\L ¥ ¥ vrd

(18)
where P is the offset circular probability function and has been tabulated by

Masters (Ref. 4).

Transformation to Physical Coordinates - General Remarks

To apply the solution given by equation (18) the inverse of the trans-
formations given by equation (8), and by either equation (13) or equation (17)
must be employed. Theretore it 1s necessary to consider the chemical model
to obtain the density ratio p/p, and the center line properties needed to
perform these transformations, The chemical model employed here and
the resulting solutions for the density ratio follows that of Libby (Ref. 2), i.e.
the jet is assumed to be of pure gaseous hydrogen and the external stream

to be air. Moreover, there is considered



a mixture of four species, denoted bythe subscripts i =1, 2, 3,4, respectively,
molecular oxygen, molecular hydrogen, water and nitrogen, The two limiting
chemical cases of frozen and equilibrium flow are discussed. Moreover, a
"flame sheet model' is used to replace the equilibrium condition and nitrogen
is considered to cccur as an inert diluent only.

Inspection of equations (1) and (2) and the boundary and initial condi-
tions leadsto a Crocco integral relation for the stagnation enthalpy;

H= [H(U-U;) + Hj(1-U) ] u,?

(I'Uj) 2 (19)

I}

lm
+
o

It is advantageous to employ an analytical representation for the static species

enthalpy h; = h; (T). Assume therefore,

hi= A5 + ¢p, (T-Ty) (20)

i

where A, Epi, Ty are constants selected to represent hi in the temperature

range desired, Equations (19)and ( 20) then yield the temperature T.
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Frozen Flow

For frozen flow w; and Y, =0; thus injection of equations (1) and 4)lead

to Crocco integral relations of the form

Y, = Y, (U-Uj) /(l-Uj)

(21)
Y, = (1-U)/ (1—Uj)
Y3 = 0
Y4 = Yge (U - Uj)/(l-Uj)
Equilibrium Flow
Since there can be no net production of atoms in a reacfing gas it is
advantageous to introduce the element mass fraction, (cf; e.g., Ref. 1)
>~ W
—l—
Y, = Y, 4 2W, Y3
Y, = Y, + f\wz W;) Y, (22)
~J
Y4 = Y4
Substitution of equation ( 22) into equation (4) yields:
—~ ~ ~/
Lud¥s o+ pvd¥i = L 8 Kr 0¥ o
9% or r or L or (23)
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Once again consideration of these equations and of the initial and boundary

conditions lead to Crocco relations of the form:
S~
Yl = Yle (U-UJ)/ (l-Uj)
Y, = (l—U)/ (1-U;) (24)
~/
Y4 = Y4 = Y4e (U-Uj)/(l-Uj)

where the additional equation for the determination of the species Yi is obtained
from the equilibrium condition. Since the equilibrium constant is large for the
temperatures of interest here, Libby (Ref., 1), suggests a flame sheet model

approximation. It is assumed that, for U;

j<1 for example, Y, = 0 when

Uj; =U < Ug and Y; = 0 when Ugf < U, where Ug is defined such that Y, = Y, =0.

Therefore:

Us = ftH 2W,Y, . Uj] {1+ 2W,Y, . }

(25)
Once the concentrations have been determined, equations (19) and ( 20) may be
solved for the temperature by employing the definition;
4
h = > Y. h.
[ i
1=1
hence:
-1 uez 2 B
T-Tr = [He (U-Uj) + Hj (1-U) ] (1-Uj) - : 8] - YilAi]
(26)
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Use of the equation of state:
Yi

p= pRT
Wi

allows determination of the density ratio;

T [Me
Te| | W

Determination of Center Line Viscosity

(27)

In order to perform the transformation corresponding to equation (13), the
viscosity along the jet center line, ., of the gas mixture must be calculated.

Following Bromley (Ref. 5) write

Hi
. 1+1__ 0, x. &..
i= 1 X; Z i
| (28)
J:

J# i

where q)ij is given by,

1/4 2
r uy 1/2 W, / 4 W, 1/ 2
bij =1 ' — — | 1+ — (29)
L Wi N2 W,
J J
. w
and X.1 = mole fraction = W Yi

i
A description for the viscosity of ihe individual species u; was assumcd in thc
(AN
.= . 1
p"]_ - A']_ (T) (30)

where A; and w; are constants such that Equation (30) represents pj in the

temperature range desired,



All of the dependent flow variables have now been determined as functions
of the transformed variables ¥, g Numerical integration of equation ( 8) and of
either equation (13) or equation (17) is now possible to relate the dependent
variables to the physical coordinates x and r.

Of particular interest here are the values of the dependent variables
along the jet center.line and the length of the flame sheet; i, e,, the axial location
( denoted by Xf,l and Xf,t_ for laminar and turbulent flow respectively) of the inter-
action of the flame sheet and the jet center line. This point is defined by the

condition

U(O,é) = Uy

13
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Calculations

As an example of the foregoing analysis, calculations were performed for
conditions appropriate to those found to yield minimum reaction lengths and thus
to be critical on a typical launch trajectory in (Ref. 6). Following are the par-~

ticular values of jet and gas parameters considered:

He=  365.3 cal/gm A, = .208x10'6 1b/ft sec
uZ /2= 370.5 cal/gm A, = .833x10°7 v
6e=  1.295x10"° 1b/ft3 Ay = .305x1076
Te= 275,75 °K W = 0.6

6= 7. 9?.6»;10'6 1b/£t3 w; = 0.8

a = 1 inch ' wy = 0. 65

EP1 .26403 cal/gm°K W, = 32

g, -3654 " W, = 2

&, .56361 4 W, = 18

&p, 28382 t W, = 28

A, = 185.23 " T, =  997.71°K

D, = 2687.9 " Y &= 0.232

= 2881.3 " Y, = 0.768

Ja)
A, = 200,05 " n = 0,025
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For a jet temperature of Tj= 265°K, three values of the velocity ratio
U; (0.33, 0.5, 0.8) were chosen. A jet temperature of Tj= 60°K and velocity
ratio of Uj= 0.5 was also considered, Figures 2 - 5 show the flame sheets
obtained from the model for both laminar and turbulent equilibrium flow for
the flight and gas condi’cions cited above. Figures 6 - 25 show the distribution
of temperature, species concentrations and velocities along the jet center line
from the jet to the point of intersection of the flame sheet and the jet center
line, Figures 26 - 37 show the variation of the temperature ratio and the con-
centration of O,, H,O and H, along the center line far from the jet.

It is of interest to note that for a given set of flight conditions, there
appears to be a dimensionless flame length that is virtually independent of the
jet velocity ratio Uj’ within the range of calculations performed here., For

laminar flow this ratio appears as:

S L — = constant = ¢,

Therefore, for laminar flow, the length of the flame sheet is proportional to
the square of the jet radius (a2 and to the first power of the jet mass flow

(PJuJ)

For turbulent flow this ratio appears as:

X;f,t
a p_] llj 1/2

u
pee

= constant = c,



Hence the turbulent flame length varies as the first power of the jet radius (a) and

the square root of the mass flow ratio ( pjuj /p1e). It can be seen that the ratio of

laminar to turbulent flame lengths is approximately:

a pjuj
% _— Y
ffg £ o C 2
=y = uJ =1 =10
’F- pJ J 12 C2
Pe Ve

for the range of conditions studied here.
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CONCLUSIONS

The properties of a uniform axisymmetric jet of pure hydrogen issuing
into a uniform parallel free stream has been presented for both laminar and
turbulent flow with simplified transport properties and simplified chemistry.
All Prandtl and Lewis numbers have been assumed equal to unity and the two
limiting cases of chemical behavior, frozen and equilibrium, are considered.

Calculations are presented for a particular set of flight variables of
interest in an existing launch vehicle, It is found for laminar flow, that the
flame length varies as the square of the jet radius and the first power of the
jet mass flux, For turbulent flow the flame length is proportional to the first
power of the jet radius and to the 1/2 power of the mass flow ratio Pivy .

P eue
A comparison of the flame lengths encountered in laminar and turbulent flow,

for conditions considered here, indicate a ratio of

xf, 0
X ;.f

>~ 102
't
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